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Abstract 

It has been found that the states of the 2-charge extremal D1-D5 system are 
given by smooth geometries that have no singularity and no horizon individually, 
but a 'horizon' does arise after 'coarse-graining'. To see how this concept extends to 
the 3-charge extremal system, we construct a perturbation on the D1-D5 geometry 
that carries one unit of momentum charge P. The perturbation is found to be 
regular everywhere and normalizable, so we conclude that at least this state of the 
3-charge system behaves like the 2-charge states. The solution is constructed by 
matching (to several orders) solutions in the inner and outer regions of the geometry. 
We conjecture the general form of 'hair' expected for the 3-charge system, and the 
nature of the interior of black holes in general. 
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1 Introduction 



The Bekenstein-Hawking entropy of a black hole is 

where A is the area of the horizon. Statistical mechanics then suggests that the hole 
should have states. But where are these states? In this paper we suggest an answer 
to this question, and support our conjecture by a calculation related to the 3-charge 
extremal hole. 



1.1 Black hole 'hair' 

String theory computations with extremal and near extremal systems have shown that 
D-brane states with the same charges and mass as the hole have precisely states Qll^l- 
If we increase the coupling g these states should give black holes At least for extremal 
holes supersymmetry tells us that we cannot gain or lose any states when we change g 
jUE]. We are thus forced to address the question: How do the e"^ configurations differ 
from each other in the gravity description? 

Early attempts to find 'hair' on black holes were based on looking for small pertur- 
bations in the metric and other fields while demanding smoothness at the horizon. One 
found no such perturbations - the energy in a small deformation of the black hole solution 
would flow off to infinity or fall into the singularity, and the hole would settle down to 
its unique metric again. But if we had found such hair at the horizon we would be faced 
with an even more curious difficulty. We would have a set of 'microstates' as pictured in 
Fig. 1(b), each looking like a black hole but differing slightly from other members of the 
ensemble. 




+ 



Figure 1: (a) The usual picture of a black hole, (b) If the microstates represented small 
deformations of (a) then each would itself have a horizon. 

But if each microstate had a horizon as in the figure, then should'nt we assign an 
entropy ~ 5 to it? If we do, then we have configurations, with each configuration 
having an entropy ~ S. This makes no sense - we wanted the microstates to explain 
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the entropy, not have further entropy themselves. This imphes that if we do find the 
microstates in the gravity description, then they should turn out to have no horizons 
themselves. 

We face exactly the same problem if we conjecture that the configurations all look 
like Fig. 1(a) but differ from each other near the singularity; each configuration would 
again have a horizon, and thus an entropy of its own. 

The idea of AdS/CFT duality P adds a further twist to the problem. If string states 
at weak coupling become black holes at larger coupling, then one might think that the 
strings/branes are somehow sitting at the center r = of the black hole. The low energy 
dynamics of the branes is a CFT. But the standard description of AdS/CFT duality says 
that the CFT is represented by a geometry that is smooth at r = (FigI21). In particular 
there are no sources or singularities near r = 0. 




Dual CFT 



Smooth geometry 
(global AdS) 

Figure 2: The D1-D5 CFT is represented by a smooth geometry in the dual representation. 

Putting all this together suggests the following requirements for black hole 'hair': 

(a) There must be states of the hole. 

(b) These individual states should have no horizon and no singularity. 

(c) 'Coarse-graining' over these states should give the notion of 'entropy' for the 
black hole. 

This appears to be rather an extreme change in our picture of the black hole, partic- 
ularly since (b) requires that the geometry of individual states differ significantly from 
the standard black hole metric everywhere in the interior of the hole, and not just within 
planck distance of the singularity. 

Remarkably though, just such a picture of individual states was found for the 2- 
charge extremal D1-D5 system in [TjjH]. We take D5 branes wrapped on T'^ x 
bound to ni Dl branes wrapped on the S^. CFT considerations tell us that the entropy 
is Smicro = 2\/27iy/nin^, so the extremal ground state is highly degenerate. In the gravity 
description we should see the same number of configurations, except that in a classical 
computation this degeneracy would show up as a continuous family of geometries rather 
than discrete states. The naive metric that is usually written down for the D1-D5 state 
is pictured in FigOl- it goes to fiat space at infinity, and heads to a singularity at r = 0. 
But a detailed analysis shows the following [71 |H] : 



3 



(a') The actual classical geometry of the extremal D1-D5 system is found to be 
given by a family of states parametrized by a vector function F{v); upon quantization 
this family of geometries should yield the e^^'^^"^"^ states expected from the entropy. 

(b') Individual members of this family of states have no horizon and no singularity 
- we picture this in FigEJ 

(c') Suppose we define 'coarse graining' for a family of geometries in the following 
way. We draw a surface to separate the region where the metrics are all essentially similar 
from the region where they differ significantly from each other (indicated by the dashed 
line in FigEl). The area A of this 'horizon' surface satisfies 

5- A (1.2) 

Note that the properties a',b',c' address directly the requirements a,b,c. 




Figure 3: The naive geometry of the extremal D1-D5 system. 




Figure 4: Actual geometries for different microstates of the extremal D1-D5 system. 
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Figure 5: Obtaining the 'horizon' by 'coarse-graining'. 



1.2 The three charge case 

The 2-charge D1-D5 extremal system has a 'horizon' whose radius is small compared to 
other length scales in the geometry, and the entropy of this system is determined from 
the geometry only upto a factor of order unity (this is the reason for the ~ sign in ()1.2|l ). 
The 3-charge system which has Dl, D5 and P charges (P is momentum along S^) has 
a horizon radius that is of the same order as other scales in the geometry, and in the 
classical limit we get a Reissner-Nordstrom type black hole. The D-brane state entropy 
Smicro exactly equals SBek H- We would therefore like to find individual geometries 
that describe different states of the 3-charge hole. In line with what was said above, 
we expect a situation similar to that in Figs l3|4l - the naive D1-D5-P geometry has a 
horizon at r = 0, but actual geometries end smoothly (without horizon or singularity) 
before reaching r = 0. 

If this description of the 3-charge hole were true then it would imply a simple con- 
sequence: There should be smooth perturbations of the 2-charge (D1-D5) system which 
add a small amount of the third (momentum) charge. Thus we should find small pertur- 
bations around the 2-charge geometries with the following properties 

(i) The perturbation has momentum p along the S^, which implies 



where y is the coordinate along and R is the radius of this S^. 

(ii) The perturbation takes the extremal 2-charge system to an extremal 3-charge so 
the energy of the perturbation should equal the momentum charge of the perturbation. 
This implies a t dependence 



(iii) The perturbation must generate no singularity and no horizon, so it must be 
regular everywhere, and vanishing at r — > cxd so as to be normalizable. 



(1.3) 



~ e 




(1.4) 
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We start with a particular state of the 2-charge extremal system. We have a bound 
state of Dl and D5 branes, wrapped on a T'^ with volume (27r)^V4 and an of radius R, 
sitting in asymptotically flat 4 + 1 transverse spacetime. This system is in the Ramond 
(R) sector, which has many ground states. We pick the particular one (we call it \0)r) 
which if spectral flowed to the NS sector yields the NS vacuum |0)Ar5. The geometry for 
this 2-charge state is pictured in FigEl The radius of the in the region III is (QiQs)*. 
The parameter 

..Wl^ (1.5) 
K 

characterizes, roughly speaking, the ratio '^jg™'^*)^'^ for the 'throat' region III. 

In the NS sector we can act with a chiral primary operator on |0)Ar5. Let the resulting 
state be called \iP)ns- The spectral flow of this state to the R sector gives a state \ip/n'-, 
this will be an R ground state, and will have Lq = Lq = We will construct the 
perturbation that will describe the CFT state 

(JiimR (1-6) 

This state has momentum charge Lq — Lq = 1. We proceed in the following steps: 

(A) The regions III and IV are actually a part of global AdSs x x T^, and a 
coordinate change brings the metric here to the standard form piU lllj. The wavefunction 
"dinner foT the state ()1.6|) in this region can be obtained by rotating a chiral primary 
perturbation in global AdS^ x S^. 

(B) We construct the appropriate wavefunction "^outer in the regions I, II, III by 
solving the supergravity equations in this part of the geometry. We choose a solution 
that decays at infinity. 

(C) We find that at leading order e° the solutions "dinner, "^outer agree in the overlap 
region III. 

(D) We extend the computation to order e, e^, and continue to find agreement 
in the overlap region; this agreement appears to be highly nontrivial, and we take it as 
evidence for the existence of the solution satisfying (i), (ii), (iii) above. 

After this computation we conclude with some conjectures about the form of 'hair' 
for generic states of the 3-charge hole, and a discussion of the physics underlying the new 
picture of the black hole interior that emerges from this structure of microstates. 



2 The 2-charge system: review 

In this section we review the results obtained earlier for the 2-charge D1-D5 system and 
describe the particular D1-D5 background to which we will add the perturbation carrying 
momentum charge P. 
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III 



IV 




Figure 6: Different regimes of the starting 2-charge D1-D5 geometry. 

2.1 Generating the 'correct' D1-D5 geometries 

Consider IIB string theory compactified on x 5^. The D1-D5 system can be mapped 
by a set of S, T duahties to the FP system 

D5 branes along x 5^ units of fundamental string winding along (F) 

rii Dl branes along S'^ rii units of momentum along (P) 

The naive metric of the FP bound state in string frame is 

ds^ = —(1 + ^)~^{dudv + ^dv"^) + dxidxi + dzadza (2.1) 

where Xi,i = 1 . . .4 are the noncompact directions, Za,a = 1 ... 4 are the coordinates, 
and we have smeared all functions on T^. We will also use the definitions 

u = t + y, V = t-y (2.2) 

But in fact the bound state of the F and P charges corresponds to a fundamental 
string 'multiwound' times around 5*^, with all the momentum P being carried on this 
string as traveling waves. Since the F string has no longitudinal vibrations, these waves 
necessarily cause the strands of the multiwound string to bend away and separate from 
each other in the transverse directions. The possible configurations are parametrized 
by the transverse displacement F{v); we let this vibration be only in the noncompact 
directions Xi, 0:2, X3, X4. The resulting solution can be constructed using the techniques 
of and we find for the metric in string frame [I3j^'^ 

ds'^ = H{—dudv + Kdv'^ + 2Aidxidv) + dxidxi + dzadza 

= -^^- = 1^ ^ 5„ = -G„ = -i/A, e-^^ = H-^ (2.3) 

''We can extend the construction to get additional states by letting the string vibrate along the 
directions; these states were constructed in |16| . 

^The angular momentum bounds of |15| and metrics found in |1(J[ 1111 115| were reproduced in the 
duality related F-DO system through 'supertubes' ^]. While supertubes help us to understand some 
features of the physics we still find that to construct metrics of general bound states of 2-charges and to 
identify the metrics with their CFT dual states the best way is to start with the FP system. 
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where 



jj-i j'' dv K_Q dv{F{v)f dvF,{v) 



L Jo \x-F{v)\^ L Jo \x-F{v)\^ L Jq \x - F{v)\^ 

(2.4) 

(L = 27miR, the total length of the F string.^) 

Undoing the S,T dualities we find the solutions describing the family of Ramond 
ground states of the D1-D5 system [Zj 



ds^ = ^ ^ ^j^ [-idt - Aidx'f + {dy + Bidx'f] + y dxidxi + \/H{l + K)dzadza 

^ (2.5) 

where Bi, Cij are given by 

dB=-*4 dA, dC = ~*^ dH~^ (2.7) 

and *4 is the duality operation in the 4-d transverse space Xi . . .X4 using the fiat metric 
dxidxi. The functions H~^, K, Ai are the same as the functions in ()2.4|) 

It may appear the the solution ()2.5|1 will be singular at the points x = F{v), but it 
was found in [7J that this singularity refiects all incoming waves in a simple way. The 
explanation for this fact was pointed out in a nice calculation in JE] where it was shown 
that the singularity (for generic F{v)) is a coordinate singularity; it is the same coordinate 
singularity as the one encountered at the origin of a Kaluza-Klein monopole [T7] . 

The family of geometries ()2.5|) thus have the form pictured in FigHJ These geometries 
are to be contrasted with the 'naive' geometry for the D1-D5 system 




dslaive = I ^ [-dt^ + dy"^] + V (1 + %)(! + %)dxidx. 

(2.8) 

The actual geometries (j2.5p approximate this naive geometry everywhere except near the 
'cap'. 

It is important to note that we can perform dynamical experiments with these different 
geometries that distinguish them from each other. In j7j the travel time Atgugra was 

^Parameters like Q, R are not the same for the FP and D1-D5 systems - they are related by duality 
transforms. Here we have not used different symbols for the two systems to avoid cumbersome notation 
and the context should clarify what the parameters mean. For full details on the relations between 
parameters see [T3ir7]l. 
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computed for a waveform to travel down and back up the 'throat' for a 1-parameter 
family of such geometries. Different geometries in the family had different lengths for the 
'throat' and thus different At sugra- For each geometry we found 

Atsugra = AtcFT (2.9) 

where Ate ft is the time taken for the corresponding excitation to travel once around 
the 'effective string' in the CFT state dual to the given geometry. Furthermore, the 
backreaction of the wave on the geometry was computed and shown to be small so that 
the gravity computation made sense. 

In jS] a 'horizon' surface was constructed to separate the region where the geometries 
agreed with each other from the region where they differed, and it was observed that the 
entropy of microstates agreed with the Bekenstein entropy that one would associate to 
this surface^ 

Smicro ~ ^ (2-10) 

Such an agreement was also found for the 1-parameter family of 'rotating D1-D5 systems' 
where the states in the system were constrained to have an angular momentum J. The 
horizon surfaces in these cases had the shape of a 'doughnut'. 



2.2 The geometry for \0)r 

The geometry dual to the R sector state \0)r (which results from the spectral flow of the 
NS vaccum |0)7V5) is found by starting with the FP profile 

f,{v) = acos{^), f,{v)=asm{^), h{v)=0, h{v) = (2.11) 

and constructing the corresponding D1-D5 solution. The geometry for this case had 
arisen earlier in different studies in jHl EOl HI] • For simplicity we set 

Qi = Q^ = Q (2.12) 

which gives the D1-D5 solution 

ds^ = --ide - dy^) + hfide^ + -^^) - =r^(cos' ddydi) + sin^ ddtdcf) 
h + hj 

+ h[{r^ + "'^^y ^ ) cos^ + (r^ + a' - ^-^^^^) sin' ed<P'] + dzjz^ 

(2.13) 



^In |S] the naive geometry for FP was considered, and it was argued that since the curvature became 
order string scale below some r — rg, a 'stretched horizon' should be placed at tq. The area A of this 
stretched horizon also satisfied ^ ~ Smicro- It is unclear, however, how this criterion for a 'horizon' 
can be used for the duality related D1-D5 system, where the geometry for small r is locally AdS^ x 
and the curvature is constant (and small). We, on the other hand have observed that geometries for 
different microstates depart from each other for r < tq and placed the horizon at this location; this gives 
the same horizon location for all systems related by duality. 
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where 



a = |, f = r' + a\os'9, h = l + ^ (2.14) 



The dilaton and RR field are 



2$ _ . ^(2) _ Q ^(2) _ Qa cos^ e 

' Q + r Q+f 



- - Q + / ' W^-t^cosfy+ ^^-^ (2.15) 



To construct the 3-charge solution below we will assume that 

_ a y/Q 



VQ R 



« 1 (2.16) 



which can be achieved by taking the compactification radius R to be large for fixed values 
of a', (7, ni, 77-5, V4. In what follows we will ignore the and write 6-d metrics only. Since 
the dilaton $ and volume are constant in the above solution the 6-d Einstein metric 
is the same as the 6-d string metric. 

2.2.1 The 'inner' region 

For 

r«^ (2.17) 

the geometry ()2.13|) becomes 

ds^ = J-!:l±4^idt^-dy^) + Qide^ ' ^ 



Q ^ ^ / ■ -T/ \ ' _|_ gj2 

- 2a(cos2 edydtp + sin^ Odtdcp) + Qicos^ Od^"^ + sin^ Odcj)'^) (2.18) 



The change of coordinates 



= ip-^y, (pNs = (p-^t (2.19) 



brings (j2T8|l to the form AdS^ x S'^ 

ds^ = ^ ' dt^ + -dy^ + Q- + Q{d9^ + cos^ 9dij%s + sin^ (2-20) 

Q Q + a^^ 

We will call the region ()2.17|) the inner region of the complete geometry ()2.13p . 
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2.2.2 The 'outer' region 

The region 

a « r < oo (2.21) 
is flat space (r — > oo) going over to the 'Poincare patch' (with y — > y + 27iR identification) 

ds^ = -{dt^ - dy^) + {Q + r^)^ + {Q + r') [dd^ + cos' dd^^ + sin' ^d^'] (2.22) 

We will call the region ()2.21|) the outer region of the geometry ()2.13|) . The inner and 
outer regions have a domain of overlap 

a«r « ^/Q (2.23) 

2.2.3 The spectral flow map 

The coordinate transformation ()2.19|) taking ()2.18p to ()2.20|) gives spectral flow [TIH lllj. 
The fermions of the supergravity theory are periodic around the parametrized by the 
coordinate y in (|2.18|) . but the transformation (|2.19|) causes the to rotate once as we 
go around this 5*^, and the spin of the fermions under the rotation group of this 5*^ makes 
them antiperiodic around y in the metric ()2.20|) . Thus the metric ()2.18|) gives the dual 
field theory in the R sector while the metric ()2.20j) describes the CFT in the NS sector. 



3 The perturbation carrying momentum 
3.1 The equations 

The fields of IIB supergravity in 10-d give rise to a large number of fields after reduction 
to 6-d. At the same time we get an enhancement of the symmetry group, as various 
different fields combine into larger representations of the 6-d theory.* In general 
4b supergravities in 6-d were studied around AdS^ x 5*^; their perturbation equations 
however apply to the more general background that we will use. These supergravities 
have the graviton Qmn, self-dual 2-form fields C]^^,i = 1...5, anti-self-dual 2-forms 
^MNy r = 1 . . .n and scalars 0*''. 

Suppose we have a solution to the field equations with a nontrivial value for the metric 
and one of the self-dual fields 

Qmn = dMN, elm = ^liN = Cmn (3.1) 

The choice Qi = Q5 = Q has made the field C^'^ in (j2.15|) self-dual, and gives us 
such a background. (This choice simplifies the computations, but we expect that the 
perturbation we are constructing will exist for general Qi,Q5 as well.) 

^In the actual reduction of IIB from 10-d to 6-d we also get additional fields like = ha^, where 
a = 1 ... 4 is a direction. We do not study these additional fields here. 
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Linear perturbations around the background ()3.ip separate into different sets. The 
ant i- self- dual field -B]vfiv mixes only with the scalar (p^^. We set r = 1 using the SO{n) 
symmetry of the theory and write 

Bmn = Bmn, Fmnp = QmSnp + OnBpm + QpEmn, = w (3.2) 
The field equations are^ (we write Hmnp = QmCnp + djyCpM + QpCmn) 

Fabc + -^^^ABCDEpF^^^ + wHabc = (3.3) 

w,A'^ - ^H^^^Fabc = (3.4) 

3.2 The {B,w) perturbation at leading order (0(e*^)) 

In this subsection we construct the desired perturbation to leading order in the inner and 
outer regions and observe their agreement at this order of approximation. 



3.2.1 Inner region: The chiral primary 



/NS 



Consider the equations (|3.3j) . (13.41) in the inner region. In the coordinates (j2.2(Jj) this 
region is seen to be just 'global' AdS^ x 5*^. We use a,b . . . to denote indices on and 
/i, z/ . . . to denote indices on AdS^. We find the following solution for these equations in 
global AdS3 X 



e 



Bab = Beabcd'^yj^l, Bfj^y = -j=t^y\d^B (3.6) 

V V 



where 



loj _|_ 1 p-2il<l>N3 1 p-2i^/t 

4'.Hr,l>.^y?i±i^.n^'9. (3.7, 

In ()3.6p the tensors eabc, g"'^ etc are defined using the metric on an with unit radius. 
This choice simplifies the presentation of spherical harmonics but results in the factor 
(radius of S^)^^ = in the definition of B^^,. The tensors e^y\,g^" etc. are defined 
using the t,y,r part of the metric ()2.20|) .^° 

®Our 2-form fields are twice the 2-form fields in |19| . Our normalizations agree with those conven- 
tionally used for the 10-D supergravity fields where the action is —j^ ^ F'^. 

^°The spherical harmonics are representations of so(4) « su(2) x su(2); the upper labels in Y^^'^^ give 
the j values in each su(2), and the lower indices give the values. Thus / = 0, i, 1, . . . . The subscript 
NS on Y indicates that the arguments are the sphere coordinates in the NS sector, [9, i/jnSj 'Pns)- When 
we write no such subscript it is to be assumed that the arguments of the spherical harmonic are the R 
sector coordinates {9,ip,(j)). More details about spherical harmonics are given in Appendix A. 
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This solution represents a chiral primary of the dual CFT [201 ■ To see this note the 
AdS/CFT relations giving charges and dimensions of bulk excitations 



Jz^ - 2 [^V-ivs + ^0ivs]' - 2 ["^V'ivs + (^4>Ns\ (3-8) 

1^ = 1^8^. L^' = i^d^ (3.9) 
CL a 

The solution (j3.5|) - (j3.7p thus has 

fs = i^ h''' = i, r^ = i w' = i (3.10) 

which are the conditions for a chiral primary. 

The coordinate transformation (|2.19|) brings us to the R sector. The scalar in these 
coordinates is 



SO that it has no t or y dependence. The components of Bab similarly do not have any 
t, y dependence. 

The dimensions in the R sector are given by (the partial derivatives this time are with 
respect to the R sector variables) 

Lo = i^du, Lo = i^d, (3.12) 
a a 

so that we get for our perturbation 

h = h = (3.13) 

which is expected, since a chiral primary of the NS sector maps under spectral flow to a 
ground state of the R sector. 

Let the CFT state dual to the perturbation ()3.5|) - ()3.7|) be called \iP)ns, and let \4')r 
be its image under spectral flow to the Ramond sector. 



3.2.2 Inner region: The state Jq \iP)ns ^ J-i\'>P)r 

Consider again the inner region in the NS sector coordinates (|2.2(Jj) . We now wish to 
make the perturbation dual to the NS sector state 

Jo\^)ns (3.14) 

^^The full spectral flow relations arc h = fiNs^jNS + '^i j — jNS~^- Spectral flow of the background 
|0)jvs gives ft," — h'^g — j° — j^^g — j^, so for the perturbation the spectral flow relations are just 
h = Hns - jNS,j = JNS- 
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Since the operator Jq in the NS sector is represented by just a simple rotation of the S^, 
we can immediately write down the bulk wavefunction dual to the above CFT state 

Bab = Btabcd'^y^\-, = —=t^,y\d^B (3.16) 



= {Y^lll .)^s = - ^^^^^ ^ sin^'-^ gcosge-("^'+^)^^^+--^^^ 5-^ 



(3.17) 

This perturbation has 

Jns = ^ - 1, jA^s = I, h^s = I, = I (3.18) 

The spectral flow to the R sector coordinates should give 

h = hNs - Jns = 1, h = h^s - Jns = (3.19) 

so that we have a state with nonzero Lq — Lq, which means that it is a state with 
momentum. This can be seen explicitly by writing the solution ()3.15|) - ()3.17p in the R 
sector coordinates. Writing 



^(0 ^ _VW±^^^i-2i+i)^+i^ ^-^21-1 Q^^^Q^ u = t + y (3.20) 

TT 



we get 



1 —liku 

1 e <3 



w 



Q (r2 + a 



2\l 



F« (3.21) 



Be, = ^i^^^^^oted.Y^^^ (3.22) 

Bs<P = -TTT-^^tan^a^yW (3.23) 

B^-P = 77 , 2 , sing cos gggy^') (3.24) 

— i— u 

Bte = -^ ^.1 ' ,,, tangg^y(') (3.25) 



4/ Q(r2 + a2 



Bti, = 77 ^,^, , I sin 9 cos 9deY^'^ (3.26) 
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—i — u 



—i—u 

I re 



We see that all fields behave as ~ e~*'^*+*'^^ with = |A|, so we have a BPS pertur- 
bation adding a third charge (momentum P= —1) to the 2-charge D1-D5 background. 

3.2.3 Outer region: Continuing the perturbation J~i\iI')r 

We now wish to ask if this solution in the inner region continues out to asymptotic 
infinity, falling off in a way that makes it a normalizable perturbation. To do this we 
solve the perturbation equations ()3.3p . ()3.4|) in the outer region ()2.22|) . Requiring decay 
at infinity, we find the solution 



— l-p^U 

e <3 



w 



{Q + r'^)r 



21 



r(') (3.31) 



1 1 ~^Q^ 

B,, = Beatcd'Y^'\ B^, = ^==e,,xd^BY^^\ b = -^—^ (3.32) 

where we have chosen the same spherical harmonic Y^^^ that appears in ()3.20j) . Again 
^abcd"''' etc. refer to the metric of a unit (this gives the factor (radius of S^)~^ = 
I ^ in Buy), while e^^x, g^^ etc. refer to the t, y, r part of the metric (|2.22|) . Writing 

explicit components, the above solution becomes 



w 



{Q + r'^)r 



21 



y(^) (3.33) 



Be^ = ^^cot^9<^y« (3.34) 



1 —l — U 

1 e 



Bect> = -77— :^tan^9^y(') (3.35) 



Al r 
1 e 
41 r 



^^<t> = 77— :^sin^cose9eF(') (3.36) 
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~ 2(Q + r2)2 r^'-^ '^'^^^ 

- ^^^--'y'' (3.38) 

B.r = ^^e-'i-Y'" (3.39) 

3.2.4 Matching at leading order 

We wish to see if the solutions in the inner and outer regions agree in the domain of 
overlap a << r << Q. In this region we have 

<< {->^} << 1 (3-40) 



We can match the solutions around any r in the range a << r << Q. To help us organize 
our perturbation expansion we choose this matching region to be around the geometric 
mean of a,Q, so that 

a r 1 , , 

- ~ —= ~ e2 (3.41) 

r VQ 

In this region the scalar w in the inner region (given by (j3.2Hl ) and in the outer region 
(given by ()3.33|) ) both reduce to the same function 



w 



e Q 
2r 



Qr 



y(') + . . . (3.42) 



so that we get the desired agreement at leading order. We can similarly compare Bmn, 
but note that since Bmn is a tensor the components of Bmn depend on the coordinate 
frame. To see the order of a given component Bmn we should construct the field strength 
F = dB from this component and then look at the values of F in an orthonormal frame. 
For example 

B,y Fi^, ^ F,yM')Hgyyf^){gn'^ ~ (3.43) 

Note that H^^f ~ that the F^^^i in the above equation is of the same order as 

wHi^f, and thus Bty is a term which we will match at leading order. 

We then find that the components surviving at leading order reduce to the following 
forms for both the inner and outer solutions 

Be^ = ^^cot^9^y« (3.44) 

Be^ = --^-^tan^9^y« (3.45) 

B^^ = -^-^ sine cos edgY^'^ (3.46) 
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- (3.47) 

Other components like By^ which do not agree are seen to be higher order terms. We 
will find agreement for these after we correct the inner and outer region computations 
by higher order terms. 

3.3 Nontriviality of the matching 

Before proceeding to study the solutions and matching at higher orders in e, we observe 
that the above match at leading order is itself nontrivial. The dimensional reduction 
from 10-d to 6-d also gives some massless scalars in 6-d 

□s = (3.48) 

We show that for such a scalar we cannot get any solution that is regular everywhere and 
decaying at infinity. For the scalar s we can find in the inner region AdS^ x a solution 
analogous to (j3.15p |,211 



2 I ^2\i+i^NS (3-49) 



(r^ + a 

where we have chosen the same spherical harmonic as in ()3.15|) . Since the scalar generates 
not a chiral primary but a supersymmetry descendent, we get instead of ()3.18j) 

Jns = ^ - 1, Jns = = 1 + 1, h^s = 1 + 1 (3.50) 

The solution ()3.49|1 falls off towards the boundary of AdS, but in the complete geometry 
()2.13|1 it will not be normalizable at infinity. Using R sector coordinates (which are 
natural at r oo) we find that the t,y dependence is e"*'^*"'"*'^^ = e~^'^^^*~^^\ At large r 
we then find from the wave equation (|3.48p the behavior 

s ^ i_e-^f cos[2y2^r + const]y« (3.51) 

The reason for the slowness of the falloff at large r is the following. Since uj > |A|, we 
find that at large r not all the energy in the perturbation is tied to the momentum, 
and the residual energy goes to radial motion; this causes the perturbation to leak away 
to asymptotic infinity at late times. Normalizability at infinity is thus seen to require 

uj=\\\ (3.52) 

If we impose ()3.52j) on the solution for s, then we see that the solution regular at r = 
is 

s ~ (r^ + ajY^'^ (3.53) 
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For the choice ()3.52|) there are two solutions in the outer region with radial dependences 

(i) s~r-(2'+2), (u) s-r^' (3.54) 

but the inner region solution matches onto the growing solution (ii) of the outer region, 
and we again get no normalizable solution. 

Thus we see that it is quite nontrivial that for the {B, w) system of fields the normal- 
izable solutions of the inner and outer regions match up at leading order. We will now 
proceed to check the matching to higher orders in e. 

4 Matching at the next order (0(e)) 

We wish to develop a general perturbation scheme that will correct our solution to higher 
orders in e. It turns out that the inner region solution does not get corrected in a 
nontrivial way at order e. In this section we first explain the general scheme, then apply 
it to the outer region to get the 0(e) corrections, and then explain how to match these 
to the inner region solution so that the entire solution is established to 0(e). 

4.1 The perturbation scheme 

The 'outer region' of our geometry r » a is described to leading order by the metric 
()2.22|1 . We must now take into account the corrections that arise because the exact 
geometry ()2.13|) departs from this leading order form. In particular we get small 'off- 
diagonal' components g^a in the metric and also small components like H^i,a, H^ab of 
Habc- We develop a systematic way to handle these corrections so that we will get the 
full solution as a series in e. 

We expand the background and perturbations as 



9mn 


— 9ain + 9mn 


(4.1) 


H 


= Ho + H, 


(4.2) 


F 


= Fo + F, 


(4.3) 


* 


= *0 + *1 


(4.4) 


w 


= 1^0 + ^1 


(4.5) 




= v^ + v? 


(4.6) 



The metric g^j^ is the metric ()2.22j) we had written earlier for the outer region. To get 
9m N take the difference between the full metric ()2.13j) and the outer region metric 
()2.22|) : since we are seeking only the order e corrections at this stage we keep terms of 
order ^, in g^ and discard higher order corrections. Similarly we obtain H^. The 

""^^For u = |A| the scalar equation (|3.48l) can be exactly solved in terms of hypergeometric functions, 
and the non-existence of a normalizable solution can be explicitly seen. 
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operation *o is defined using the metric g^, and *i contains the corrections needed to 
give the * operation in the full metric (upto the desired order of approximation). Vq 
is the Laplacian on the metric and Vf corrects this (to the desired accuracy) to the 
Laplacian on the full metric. 

To illustrate the general approximation scheme it is convenient to write the pertur- 
bation equation ()3.3|) in form language 

F + *F + wH = (4.7) 

Inserting the expansions ()4.H) - ()4.6|) in ()4.7p . (13.41) we get 

Fo + *oFo + WoHo = 

Vlwo-^H^'''''FoMNP = (4.8) 

Fi + *oFi + wiHq = S 

Vlw^-^H^'''''F,MNP = (4.9) 

where Sy^ and S are defined by 

S = -wqHi - *iFo 

= -Viwo + ^H^''''FoMNP (4.10) 

Eqs. fl4.8p are just the leading order equations that give the leading order solution found 
for the outer regions in the last section. Eqs. ()4.9j ) give the first order corrections. Note 
that the LHS of these equations have the same form as the leading order equations, so 
we need to solve the same equations again but this time with source terms S, Sw These 
source terms can be explicitly calculated from the background geometry and the leading 
order solution. 

4.2 Expanding in spherical harmonics 

Even though the problem does not have exact spherical symmetry, it is convenient to 
decompose fields into spherical harmonics on S^. The breaking of spherical symmetry is 
then manifested by the fact that higher order corrections to the leading order solution 
contain spherical harmonics that differ from the harmonic chosen at leading order. We 
write 



w 


= e Q w Y 


(4.11) 




= e-'^%iY^^ 


(4.12) 




= e-'^XY^^ 


(4.13) 


Bab 


= e~'^%'^eabcd'Y'^ 


(4.14) 
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The Y^^ are normalized scalar spherical harmonics on the unit 3-sphere. Their orders 
can be described by writing the rotation group of as so(4) = su{2) x su{2). The Y^^ 
are representations (/, /) of su{2) x su{2), with / = 0, |, 1, . . . . These harmonics satisfy 

VV^i = -C{h)Y^\ C{h) = + 1) (4.15) 



V[aVb]F^^ = (4.16) 

The Yl^ are normalized vector spherical harmonics. They fall into two classes, one 
with su{2) X su{2) representations {1,1 + 1) and the other with (/ + 1,1). (Again / = 
0, i,l,....) We have 



VYl' = 



where 



C(/3 



-2(1 + 1), h = {l + l,l) 
2(1 + 1), h = (1,1 + 1) 

More details on spherical harmonics are given in Appendix A. 



(4.17) 
(4.18) 

(4.19) 



4.3 Outer region: Solving for the first order corrections 

Returning to the field equations ()4.9j) . we compute the sources S, finding 
Q 1 



Stre 

Strip 

Syrd 



2(g + r2)2r2«+i 

Q 1 



(Q + r2)2 2r2'+i 

Q 1 



a,,y^Han^e"*«' 



sin e cos edeY'- + 2 + 3)^' + + ^^^2 q 

Q + r^ 



2(g + r2)2r2m 

Q 1 

(Q + r2)2 2r2'+i 



d^Y^' cot ^e-'«" 

sin e cos ddeY'^ - 2 + 3)^' + + ^^^2 ^ 

Q + r^ 



(4.20) 



The source iSui is zero at this order. 

We can decompose these sources into scalar and vector spherical harmonics 



c _ J3 yh I fh f) yh 



(4.21) 
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Substituting this decomposition in ()4.9|) we get the equations 

r 

Q + r 

'(g + r 



btu - yT^~^,^xdX' = <l (4.22) 



^3 



dtbil-dybll+ah)j^—-^,bil = (4.23) 



dXl-dtbit + Cih)^ = s[l (4.24) 
r 

a,K'r - 9rb{l - aizj'-f = 4 (4.25) 

^'{j^A^'^^J^A^Q^i'-Cih)>>-C] =0 (4.26) 

KqT7^*(^'*"'')-(^"'' "WTT^ -0 (4.27) 

Eq.(jl22I) yields once we know 6^^; the source components t^^j, are hsted in Ap- 
pendix B. Eqs. fl4.2(i|l . ()4.27j) allow the trivial solution 

b^ = wi = Q (4.28) 

which we adopt, since other solutions would just amount to shifting the leading order 
solution taken for b,w. Eq. (j4.23p yields bj. = 0. Eqns. (j4.24j) . (j4.25p are nontrivial and 
yield the solution {u = t + y, v = t — y) 



biua- huya - 2 V(2/ + !)(/ + l)r2'(Q + r2)2^'^ + ^^■^^> 



ia 21-1 Q 1 /4/2 - 1 



4r2' I y l{2l + 1) (Q + r2)2 g V P 



ri'-^'^) (4.30) 



4.4 Matching at order e 

4.4.1 The inner region solution to order e 

Above we have applied the general scheme ()4.9p to find the outer region solution to order 
e. In general we would have to apply a similar scheme to correct the inner region solution 
as well. But it turns out that the expansion in the inner region goes in powers of e^. Since 
at this stage we are only matching terms of order e°, we do not need to perform any 
extra computation for the inner region, and the solution ()3.21|) - ()3.30p is already correct 
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to the desired order. But to effect the comparison with the outer region we perform two 
manipulations on the inner region solution. First we express the set Bfa = {Bte, Bt^, B^} 
and the set Bya in terms of scalar and vector harmonics 



B^ 



ta 



lae Q 



(1+1,1) 



-1 a 



(1,1+1) 



v/(2/ + i)(/ + i) 2VTTT 



+ i I 21-1 c^.y w 

21 Vl{2l + 1) " 



B 



—liku 



ya 



2Q(r2 + a 



2\l 



Yr 



(1,1+1) 



v/(2/ + i)(/ + i) 2yrr 



l + l / 2/ - 1 



{21 - 



21 Y Z(2/ + l) " 4/2(/ + r 

Next we perform a gauge transformation on Bmn 

Bmn — »■ Bmn + VmAat — VatAm 

Choosing 



At 
A„ 



8/2(/ + l)Q(r2 + a2)' 
8/2(/ + l)g(r2 + a2^' 



(4.32) 
(4.33) 

(4.34) 

(4.35) 



we remove the components proportional to doY^''^ in ()4.32|) . while getting additional terms 
in other components oi B. In particular 



B 
B 



ar 



tr 



4/(/ + l)g(r2 + a2)^+i 



4/(/ + 1) Qi 



.21 



-yWg-^f- (4.36) 



yr 



^(2^' + ^) ^ (n .jL. ^(2/^ + 1) g (0 

4/(/ + 1) g(r2 + a2)'+i 4/(/ + 1) gr2'+i ^ ' 

We will see that with this gauge choice we will get a direct agreement of Bmn between 
the outer and inner regions. 



4.4.2 The outer region solution to order e 

We had solved the field equations to first order in e for the outer region in subsection 
(j4.3|) above. We list the complete solution thus obtained to order e 
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w 

Bty 
Btr 

Byr 



B. 



ta 



ya 



-iykU 

e <5 



r2'(Q + r2) 



y(0 



1 e" 



4/ r2' 
1 e <3 



4/ r2' 
1 e '3 



cot ^(9^y 



4/ r 
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sin ^ cos 



.y(0 



2(Q + r2)2 r2'-2 
2a / g [(/ + 2)r2 + /g] 



r2'+i V(<5 + ^^)^ 4/(/ + 1) 
ia /(2/ - 1)Q [(/ + 2)r2 + /g] 



4/g 



r2'+i V(<5 + ^^)^ 4/(/ + l) 
2r2'(Q + 



+ 



4/g 



,2^2 



(2/ + l)(/ + l) " 



-i a 



(/,/+!) 



21 - 1 



2v/rTl 2 V /(2Z+ 1) " 



+ 



4gr 
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P 



2r2'(Q + r2)2 



/ 



(2/ + l)(/ + l) " 



1 a 



(1,1+1) 



21 - 1 



2Vr+T 2V/(2/ + l) " 



y(«-l,0 



+ 



4gr 



2« 



4/2 - 1 



y(/-l,0 



(4.38) 



4.4.3 Comparing the inner and outer solutions at order e 

In the region where we match solutions we have to substitute at the present order of 
approximation 

1111 

(4.39) 



.2^.2V' ^2P (Q + r2) Q 



We then find agreement between the inner region solution (in the gauge discussed above) 
and outer region solution ()4.38|1 . 



5 Matching at higher orders 

We follow the same scheme to extend the computation to higher orders in e. At each 
stage the sources S, get contributions from all the terms found at preceeding orders. 
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The computations are straightforward though tedious, and most are done using symbohc 
manipulation programs. 

The solutions obtained for the inner region are listed in Appendix B. We have given 
the solutions in the NS sector coordinates; they must be spectral flowed to the R sector 
and gauge transformations performed to see directly the agreement with the outer region 
solutions. As mentioned before the perturbation series in the NS sector of the inner 
region proceeds in even powers of e, and the odd powers in e result from the spectral flow 

dnni). 

The solutions obtained for the outer region are listed in Appendix C. These are 
already in R sector coordinates. Note that at each order when we solve the equations 
with sources we have to choose a homogeneous part to the solution as well, and these 
parts have been chosen to give regularity everywhere as well as agreement between the 
inner and outer regions. 

We carry out the computation of the solution in each region to order 0{e^). We 
find complete agreement between the inner and outer region solutions upto the order 
investigated. At each stage of the computation there is the possibility of finding that 
some field is growing at infinity, and it is very nontrivial that this does not happen for 
any field at any of the orders studied. Thus we expect that the exact solution does exist 
and is likely to be expressible in closed form. 

At all the orders that we have investigated the scalar w can be seen to arise from 
expansion of the solution 

^ = ^ 2 I 2\un I 4'\ ^ f = + cos'^ 9 (5.1) 

Note that this expression involves just the combinations (r^ + a"^),/ which appear in 
the geometry ()2.13|) . We do not have a similar compact expression for the B field; it 
is plausible that the compact form would require us to express this 2-form field as part 
2-form and part 6- form (the magnetic dual representation). We hope to investigate this 
issue elsewhere. 



6 Discussion 

We have constructed regular, normalizable supergravity perturbations in the inner and 
outer regions by a process of successive corrections, and observed that at each order the 
solutions agree in the domain of overlap. This agreement is very nontrivial, and we take 
this as evidence for the existence of an exact solution to the problem - i.e. we expect that 
there exists a regular perturbation on the 2-charge D1-D5 geometry ()2.13|) which carries 
one unit of momentum charge and adds one unit of energy (thus yielding an extremal 
3-charge solution). We now return to our initial discussion of black hole interiors, and 
the significance of this solution in that context. 

The usual picture of a black hole has a horizon, a singularity at the center, and 
'empty space' in between. Abstract arguments given in the introduction suggested a 
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1=0 



(a) 



(b) 



Figure 7: (a) Naive geometry for the 3-charge extremal system, (b) Expected structure for 
the system. 



different picture where the interior was nontrivial and exhibited the degrees of freedom 
contributing to the entropy. The 2-charge extremal system turned out to look like this 
latter picture - its properties (a')-(c') listed in the introduction matched the suggested 
properties (a)-(c). What about the 3-charge extremal hole? This latter hole has become 
a benchmark system for understanding black holes, and any lessons deduced here likely 
extend to all holes in all dimensions. 

The metric conventionally written for the D1-D5-P extremal system is 

ds^ = — [—dudv + ^(jf ^] 

:i + ^)(i + %) ^ 




This is similar to the 'naive' metric ()2.8p of the 2-charge D1-D5 extremal system, 
except that the y circle stabilizes to a fixed radius as r ^ instead of shrinking to zero 
size (we picture the geometry in Fig0|^a)). The geometry has a completion 
that it continues past the horizon at r = to the 'interior' of the black hole, where we 
have a timelike singularity - the metric is just a 4+1 analogue of the extremal Reissner- 
Nordstrom black hole. 

In a roughly similar manner one might have asked if the 2-charge metric continues 
past the 'horizon' r = to another region, but here we do know the answer - the naive 
metric ()2.8|) is incorrect, and the actual geometries 'cap off' before reaching r = 0. We 
are therefore led to ask if a similar situation holds for the 3-charge system, so that the 
actual geometries 'cap off' before reaching r = as in Fig|7|^b). We would then draw 
the 'horizon' as a surface which bounds the region where the geometries differ from each 
other significantly; this surface is indicated by the dashed line in Figl3^b). Note that for 
the 3-charge system the area of this 'horizon' will give exactly 

= Smicro = ^n^riin^np (6.2) 

This is because in the naive metric ()6.1|) the cross sectional area of the throat saturates to 
a constant A as r — >■ 0, and it is this same value A that will be picked up at the location 
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of the dashed hne in FigjTl^b). But from we know that this area A satisfies fl6.2|) . (For 
the 2-charge case we could find A only upto a factor of order unity, since the y circle of 
the cross section was shrinking with r, and the natural uncertainty in the location of the 
'horizon surface' leads to a corresponding uncertainty in A.) 

Thus for the 3-charge system the nontrivial issue is not horizon area (which we see will 
work out anyway) but the nature of the geometry inside the horizon. The computation 
of this paper has indicated that if we have one unit of P then at least one extremal state 

\'^) = J-i\0)r (6.3) 

of the 3-charge system is described by a geometry like FigEl^b) and not by FigE^a). 
It may be argued though that the 2-charge extremal states and the state ()6.3|) are not 
sufficiently like generic black hole states to enable us to conclude that FiglTJ^b) is the 
generic geometry of the 3-charge system. Here we give several arguments that counter 
this possibility: 

(a) Is the 2-charge system like a black hole? It is sometimes argued that the 2-charge 
extremal system is not really a black hole since the horizon area vanishes classically. 
We argue against this view. The microscopic entropy of the 2-charge extremal system 
{S=2\/27i y/nin^) arises by partitions of iV = nin^ in a manner similar to the entropy 
271 y/nin^Up of the 3-charge extremal system which arises from partitions of = nin^Up. 
The 'horizon' that we have constructed for the 2-charge system satisfies S ~ A/ AG, so 
this 'horizon' area is ~ y/nin^ times {Ipf"-, and is thus not small at all in planck units. 

Why then do we think of this horizon as small? The 2-charge metric has factors like 
~ (1 + ^), (1 + ^)- Assuming Qi ~ and ni ~ ns ~ n we find that the geometry 
has a scale, the 'charge radius', which grows with n as r ~ ~ ra^. Since the horizon 
is a 3-dimensional surface, and we have found S micro ~ ~ i^; ^^e horizon radius is 
r ~ n^. Suppose we take the classical limit n — >■ cxd and then scale the metric so that the 
charge radius is order unity. In this limit the horizon radius will vanish. For the 3-charge 
system, both the charge radius and the horizon radius behave as r ~ na, so the horizon 
radius remains nonzero in the analogous classical limit. 

But this behavior of classical limits does not imply that the 2-charge system has an 
ignorable horizon - the horizon does give the correct entropy, and the presence of the 
other, larger, length scale appears irrelevant to the physics inside this horizon. The region 
r Q2 is far removed from the horizon region, and simply governs the changeover from 
'throat geometry' to 'flat space'. 

(b) Return time AtcFT'- For the 2-charge system, the naive metric is ()2.8|1 . If we 
throw a test particle down the throat of this naive metric, it does not return after any 
flnite time. In the dual CFT however an excitation absorbed by the 'effective string' can 
be re-emitted after a time Ate ft < 00. How do we resolve this contradiction? One might 
think that nonperturbative effects cause the test particle to turn back from some point in 
the throat of the naive geometry, but this cannot be the case since the return time AtcFT 
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is different for different states of the 2-charge system (the length of the components of 
the effective string are different for different states). The resolution of this puzzle was 
that the throats were capped; the cap was different for different states ^7^, and we get 

dzni). 

The CFT for the 3-charge system is described by the same effective string; we just 
have additional momentum excitations on the effective string. We would thus again 
have some finite time Ate ft after which an excitation should be emitted back from the 
system, and the requirement ()2.9p then suggests that Fig|7|^b) is the correct picture for 
the general states of the 3-charge system, rather than FigE^^a). 

(c) Fractionation: We have argued that the interior of the horizon is not the conven- 
tionally assumed 'empty space with central singularity'. How can the classical expectation 
be false over such large length scales? The key physical effect is 'fractionation'. If we 
excite a pair of left and right vibrations on a string of length L, the minimum excitation 
threshold is /S.E = ^ + ^ = 3-. But if we have a bound state of n strings, then we get one 
long string of length uL, and the threshold drops to ^ j2S|- If we start with 2-charges, 
ni Dl branes and D5 branes, then the excitations of the third charge, momentum, 
come m even smaller units, and AE = If we assume more generally that for 
the bound state of mutually supersymmetric branes the excitations always fractionate in 
this way, then we find that the excitations of the D1-D5-P hole are such that they extend 
to a radial distance that is just the horizon scale ^H]- For the 2-charge FP where we 
have explicitly constructed all geometries this fractionation effect can be directly seen - 
because the momentum waves are fractionally moded on the multiply wound F string, 
the strands of the F string separate and spread over a significant transverse area, which 
extends all the way to the 'horizon'. 

(d) Other 3-charge states: The general perturbations around the 2-charge solution 
that we have chosen decompose into two classes: The antisymmetric field + scalar per- 
turbations (which we have analyzed) and the metric + self-dual field perturbations. We 
have checked upto leading order (e°) that the latter class gives a regular solution as 
well. Further, the 2-charge solution that we started with may appear special (It has for 
instance angular momentum in each su{2) factor, while the generic 2-charge state 
has negligible net angular momentum) but we have also checked that at leading order 
we get regular perturbations for all starting 2-charge geometries. In principle all these 
computations could be carried out to higher orders in e, but the technical complexities 
would be greater due to less symmetry in the starting configuration. 

One might think that if we increase the the momentum p then we might get a horizon. 
For p = 1 we have seen that the perturbation is smooth, so there is no hint of an incipient 
horizon. Suppose for some p = po a. horizon just about forms; this horizon will be of 
radius zero at p = po, and larger at larger p. But what will be the location of the horizon 
at p = po7 There is no special point in the starting 2-charge geometries; they are just 
smoothly capped throats. It thus appears more likely that adding momentum will just 
give more and more complicated configurations, but with no special point which could 
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play the role of a singularity. 

(e) Nonextremal holes: Having found the above structure for extremal systems, we 
expect a similar structure for near extremal and also neutral holes, with the difference 
that the branes in the extremal systems are replaced by a collection of branes and anti- 
branes. Indeed, for the non-extremal D1-D5-P system it is known that the entropy of 
holes arbitrarily far from extremality can be reproduced exactly if we assume that the 
energy is optimally partitioned between branes and anti-branes while reproducing the 
overall charges and mass pHj . 

In an interesting recent paper [22] it was argued that the 'black ring' solutions carrying 
D1-D5-P charges (plus nonextremality) had pathologies like closed timelike curves and 
thus it was not possible to add momentum by boosting to general rotating D1-D5 states. 
It was observed however that it might be possible to add momentum in other ways to get a 
3-charge state. Our construction does take a D1-D5 state with some angular momentum, 
and adds one unit of momentum. But looking at the form of the perturbation it can be 
seen that the momentum was not obtained by a boost. 

More generally, generating metrics by boosting a 'naive' nonextremal geometry will 
not give the correct states of the system. In such a construction we start with a nonex- 
tremal black hole or black ring geometry, where the metric in the interior of the horizon 
is just the classically expected one (similar in spirit to Fig. 1(a) for a black hole). But 
we have argued that such an interior metric is not a correct description for the region 
inside the horizon; this region we believe is very nontrivial, with details that necessarily 
depend on the particular state which the system takes (out of the e^ possible states). 
Instead one should start with one of the 'correct' states for system, and then construct 
the possible deformations that add momentum. 

We can emphasize this point in another way, using just the 2-charge system. Suppose 
we start with the naive metric for the nonextremal F string. This metric will have 
cylindrical symmetry around the axis of the F string. We can boost and add momentum, 
still keeping the cylindrical symmetry and getting F and P charges. We can then take the 
non-extremality to zero. This process will reproduce the naive metric ()2.1|) of the extremal 
FP system. To get the correct metrics for extremal FP starting from non-extremal FP 
we would have to start with one of the correct interior states for the nonextremal FP 
system. 

Clearly what we need next is a construction of the generic 3-charge configuration (i.e. 
with the P charge not small). It is important that the solutions represent true bound 
states rather than just multi-center brane solutions that are classically supersymmetric. 

^•^One should not use the 'correspondence principle' (28} to obtain a qualitative understanding of what 
might happen inside horizons. It was shown in [53] that at coupling g < gc the energy added to a string 
goes to exciting vibrations, while aX g > gc the energy goes to creating brane- antibrane pairs. (Here 
gc is the coupling at the 'correspondence point' where the string turns to a black hole.) It is these 
brane-antibrane pairs that have the small energy gaps and large phase space to 'fill up' the interior of 
the horizon. 
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(Some families of metrics with 3 charges have been constructed before (e.g. |^) but we 
are not aware of any set that actually describes the bound states that we wish to study. 
It is possible that the generic state is not well approximated by a classical configuration; 
what we do expect though on the basis of all that was said above is that the region where 
the different states depart from each other will be of the order the horizon size and not 
just a planck sized region near the singularity. 
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Appendix A: Spherical Harmonics on 

In this Appendix we list the explicit forms of the various spherical harmonics encountered 
in the solutions. The metric on the unit 3-sphere is 

ds^ = de^ + cos^ edip'^ + sin^ ed(j)'^ (A.l) 

The harmonics will be orthonormal 

J dn {Y^'YY^'^ = 5^''^'^ 

j dn (Y^^YY^^i" = 5^3-^3 (A.2) 
In order to simplify notation we have used the following abbreviations 



y(0 


- \m 


(A.3) 


y(0 


- ^(1-1,1) 


(A.4) 




_ (1+1,1+1) 
- ^(1-1,1) 


(A.5) 


a 


— ^ a(l-l,l) 


(A.6) 


a 


— ^ a{l-l,l) 


(A.7) 


ya-1,0 

a 


- v^'-i'') 

— ^ a(l~l,l) 


(A.8) 


y(«+2,/+l) 
a 


_ y.(« + 2,Z + l) 

— ^a(l-l,l) 


(A.9) 


y(«+l,Z+2) 
a 


_ y.(« + l,Z + 2) 

— ^a(l-l,l) 


(A. 10) 



We thank D. Mateos and O. Lunin for discussfons on this point. 
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A.l Scalar Harmonics 

The scalar harmonics we use are (in exphcit form) 



y(0 ^ y?±I^sin2'^ (A.ll) 



y(i+i) ^ V(2/ + 1)(2/ + 3 )^_,(,,_,)^^,^^^^ _ 1) + + 1) cos2g) sin^'-^ gcosg 
27r 



(A.13) 

A. 2 Vector Harmonics 

The vector harmonics are given by 

-i{2l-l)4>+iilj ■ 21-2 n 

yr-" = — 5^^((2/=-; + !) + (;- i)(2/ + i)cos2e) (a.m) 

r(HU, ^ ,£r^!!^^!^(pP + 31-l, + (/ + l)(2l+l)cc.2<)) (A.15) 

y,.,, ^ _.e-<Y'*^'* sin^'-^osg ^p,, _ _ ^ ^ 3, ^ ^^ ^^^ 



(M+i) _ _e-M0+^ i m + 1) „.„2^-2 
47r V / + 1 

(M+i) _ .e-'(^''^)^+--^./4/(2/ + l)^,„2^_i 



^sin''-'^((Z-l) + Zcos2e) (A.17) 



= i _ ^^___^sin2'-i^cose(Z + (Z + l)cos2e) (A. 18) 



_ ,e-'^'^-'^t>^'^ . /4/(2lTl) 



y^'''+^^ = i ^ — ^sin^'-^ecose((Z + 2) + (Z + l)cos2e) (A.19) 

^ 47r V t + 1 

Yt''^ = ^ — - — V2rn:sm^'-^9 (A.20) 

27r 

yC-^'') = _^^l^!_!!^^2rn:sin''-^^cos^ (A.21) 
27r 

Yj^~^'^> = -i — V2]^sin2'-^ecose (A.22) 
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{1+2,1+1) 



{1+2,1+1) 



Y. 



{l+2,l+\) 



g-i(2Z-l)0+iV 



+ 



s-K \ 1 + 2 
2(4/3 - / + 3) cos 20 (/ -!)(/ + 1)(2/ + 3) cos 40 



-i(2/-l)(^+ji/' 
471 



1 + 2 



sin2'-^0cos0 



3 

/(2/2 + 5/ - 1) 



+ i)(4,^ + 8( - 3) cos 20 + " + + cos 49 

3 6 



-i(2/-l)0+iV' 



1 + 2 



sin2'-^0cos0 



(2/3 - 3/2 + 3/ + 4) 



+i(4,3 _ 13/ - 9) cos 20 + ('^m + 2)(2l + 3) 
3 6 



(A.23) 



(A.24) 



(A.25) 



Appendix B: Solution — inner region 

The supergravity equations are expressed in terms of the fields -Bmat and w. It is conve- 
nient to divide the Bmn into three classes - Bab, B^a and B^j^^ where Bab is an antisym- 
metric tensor on 5*3, B^a is a vector on 5*3 and B^i, is a scalar on 5*3. At a given order e", 
the corrections to Bab and B^^ at that order can be expressed in terms of a single scalar 



field h and the antisymmetric tensor t 



B, 
B 



^abc^ 

r 



Q 



-2il^t 



-2il^t, 

e Q t 



(B.l) 
(B.2) 



Here eabc is the usual Levi-Civita tensor on the unit 5*3 (with e^^^ = y/g), while e^^x 
is the Levi-Civita tensor density on the t,y,r part of the metric ()2.20|) : thus ityr = 1- 
Below we will give the values of b and tf^i, at each order in the perturbation. The 1-forms 
Bta, Bya and Bra will be given explicitly. To avoid cumbersome notation we do not put 
labels on the fields indicating the order of perturbation; rather we list the order of all 
fields in the subsection heading. 

In this Appendix the solutions are in the NS sector coordinates. In order to compare 
with the outside we need to spectral fiow these to the R sector using the coordinate 
transformation ^ ^ 

The perturbation expansion in the NS sector coordinates has only even powers of e. The 
spectral fiow ()B.3|) to R sector coordinates generates odd powers in e. Thus the 0{e^) 
NS sector computation gives 0(e°),0(e^) in the R coordinates. 

The solution to a given order e" is given by the sum of the corrections at all orders 
< n. 



31 



B.l Leading Order {0{e^) 0{e^), 0{e^)) 



b = 



w 



1 



Y, 



(0 



Bta 
tfj,i/ 



Al (r^ + a 
1 



B.2 Second Order (0(e2) ^ 0{e^), 0{e')) 



b = 



w 



{31 - 1) - 2l{l + 1) cos^ 
4Z(Z + 1)2 

1 r2 + a2cos2^_(i) _2iiaj 



g(r2 + a^y 



(0 



ATS 



Bta — 



Q(r^ + a2)' Q 
ia 



^ NS^ 



1 



(B.4) 

(B.5) 

(B.6) 
(B.7) 



(B.8) 
(B.9) 

[(2/ + l)a' + (/ + {Y}^^''^^)^s 



+ 



1 



2(/ + l)2Y (/ + 1) 



(Z + 1)5(2Z + 1) 

[(3/ + l)a' + + 1) V] (ri'''+^))Ar5 



1 21-1 



4/ y /(2/ + 1) 



[a' + 21^] (Yf^Us 



(B.IO) 



5, 



ya 



la 



g2(r2 + a2)' 
1 I 21-1 



4/ y /(2/ + 1) 

,2 



(Z + 1)(2Z + 1) 
[a^ + 21t'] (ri'-^''))iv5 



W5 



2vrTT 



NS 



(B.ll) 



Bra — 



g(r2 + a2)'+i 



/5 



(/ + 1)5(2/ + 1) 



2(/ + l)t 



e "3 



(B.12) 
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tty 



^2 



Q3(r2 + a2)' 



(2/ + l)a' + (/ + (0 o / / I yji+i) 



(B.13) 

_ ^ (/^ + 2/-l)a^-(/^-l)(2/-l)r^ ^^^(,) 



g2(r2 + a2)'+i + (2Z + 3) 
ar Z — 1 



- 'Q2(^2 + ^2)^2/(/+1)^^'^ (^-^^^ 

Appendix C: Solution — outer region 

As was done for the inner region, we divide the field Bmn into three classes - Bab-, B^a and 
B^^. At a given order e", the corrections to Bab and B^i, at that order can be expressed 
in terms of a single scalar field b and the antisymmetric tensor t^^^: 

Bab = e-'^^abcd'b 

B,. = (^^e..A9^& + v)e-'§- (C.l) 

Again eabc is the Levi-Civita tensor on the unit while e^j^^x is the Levi-Civita tensor 
density on the t, y, r part of the metric ()2.22|) : thus Cjyj. = 1. We give b, t^^, at each order. 
We also write 

B^,a = e~"Q%^a 
w = e-'-^'^w (C.2) 

We will give b^a, w at each order. 

The solution to a given order is given by the sum of the corrections at all orders 
< n. 

0^ 



C.l Leading Order (0(e")) 



w 



^ F(^) (C.4) 



bta = bya = &ra = (C.5) 

V =0 (C.6) 
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2 First Order (0(6^)) 

b ^w^O 



(C.7) 



ta 



I 



Q 



2 y (2Z +!)(/ + I)r2'(g + r2)2 
ia 1 I 21-1 Q 



4 y Z(2Z + 1) (g + r2)2 « 

Q 



4Qr' 



2/ 



4^2-1 



y(i-l,0 



'4V (/ + I)r2'(g + r2)2^« 



t 



ty 



t 



yr 



ta 



la 



Q [{I + 2y + IQ] 1 



{21 - 1)Q [{I + 2y + IQ] 1 



+ 



AlQr 



2l+\ 



y(0 



y(0 



(C.8) 
(C.9) 

(C.IO) 
(C.ll) 

(C.12) 
(C.13) 



3 Second Order {0{e^)) 



b =^ + 



r.21 



2Q + r^ /(3/-l)-2/(/ + l)cos2 



4r2 {Q + r^y 



w — 



I cos2 9 



r2^(g + r2) V r2 (Q + r2) 



8Z(Z + ly 

y(0 



y(0 



(C.14) 
(C.15) 



bra =bi'Y'' 



2r2^+i(Q + r2): 



(2/'g' + 3/(/ + l)gr2 + /(/ + !)/) 



X 







y(2Z + l)(Z + l)5 2Z(Z + l)f 



2^2 y Z(2Z + 1) 



(C.16) 
(C.17) 



tty — 



[l{l + l)i2l + 3)Q^ 



4/(/ + l)2r2'(Q + r2)5 
+ l{6l^ + 91 + 7)QV2 + (6/2 + 4f + l + 3)g/ + (2/2 - / + l)r^] F^'^ 



Vyj. 



I 



2r2'(/ + l)2(g + r2)5 V 2/ + 3 



0, trt = 



[(/ + 1)Q^ + (3/ + i)gr^ + 2{l + ly] y« 



(C.18) 
(C.19) 
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Third Order (0(e=^)) 



Id 



(C.20) 



+ 



2{Q + r^)^r^i{l + l){2l + 3)\ 1 + 2 J 
ia^Q \{l-l){2Q + r^) 



_2(g + r2)2r2'(/ + l)i 

,3 



21 



I 
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+ 21 + 4)gV' + {6f - ?>l)Qr^+ 
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1 



la 



21 - 1 



Q^2l+2 W /(2/ + 1) \^ 4(g + ^2)2 
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(C.22) 



i(v''Q{2l - 1) (/g + (/ + 3)r2) 
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2r2'+i(g + r2)4 I (/ + 1)2(/ + 2) y {21 + 3) 



y(0 

(C.23) 
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